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In this paper, we study the quasinormal modes of the massless Dirac field for
charged black holes in Rastall gravity. The spherically symmetric black hole solu-
tions in question are characterized by the presence of a power-Maxwell field, sur-
rounded by the quintessence fluid. The calculations are carried out by employing
the WKB approximations up to the thirteenth order, as well as the matrix method.
The temporal evolution of the quasinormal modes is investigated by using the finite
difference method. Through numerical simulations, the properties of the quasinor-
mal frequencies are analyzed, including those for the extremal black holes. Among
others, we explore the case of a second type of extremal black holes regarding the
Nariai solution, where the cosmical and event horizon coincide. The results obtained
by the WKB approaches are found to be mostly consistent with those by the matrix
method. It is observed that the magnitudes of both real and imaginary parts of the
quasinormal frequencies increase with increasing κ, the spin-orbit quantum number.
Also, the roles of the parameters Q and w, associated with the electric charge and
the equation of state of the quintessence field, respectively, are investigated regarding
their effects on the quasinormal frequencies. The magnitude of the electric charge
is found to sensitively affect the time scale of the first stage of quasinormal oscil-
lations, after which the temporal oscillations become stabilized. It is demonstrated
that the black hole solutions for Rastall gravity in asymptotically flat spacetimes are
equivalent to those in Einstein gravity, featured by different asymptotical spacetime
properties. As one of its possible consequences, we also investigate the behavior of
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2the late-time tails of quasinormal models in the present model. It is found that the
asymptotical behavior of the late-time tails of quasinormal modes in Rastall theory
is governed by the asymptotical properties of the spacetimes of their counterparts in
Einstein gravity.
3I. INTRODUCTION
The energy-momentum conservation is a vital assumption in the derivation of the Einstein
field equations. As a fundamental concept, it has been soundly established for theoretical
physics in Minkowski space. However, to a certain degree, it becomes questionable and de-
serves further investigation in the context of the curved metric. In 1972, the very question
was raised by Peter Rastall [1], and subsequently, a modified gravitational theory was pro-
posed, known as Rastall Gravity. According to Rastall’s prescription, the energy-momentum
tensor conservation is modified to read
T vµ;v = λR,µ. (1)
Here R is the Ricci scalar, and λ is a constant to be determined, which ensures the energy-
momentum tensor conservation is restored when λ = 0. As a matter of fact, Rastall gravity
can be readily viewed [2] as an implementation that follows from Mach’s principle. Indeed,
a “Machian” theory requires that the inertial of a massive local object is associated with
the external energy-momentum distributions. According to Rastall’s recipe, the energy-
momentum tensor, presented in the field equation as the source term, depends on the metric.
The latter is determined nonlocally, to be specific, by the energy momentum distribution of
the entire spacetime. Also, as the theory is obliged to agree with any existing measurement,
in other words, its deviation from Einstein’s theory of general relativity is subject to the
astrophysical observations. In particular, as the tests of general relativity on the largest
scales is less stringent in comparison to those in the Solar System, it is plausible that
intriguing results might be associated with large-scale phenomena, such as the evolution of
the Universe, stellar structure, as well as gravitational collapse.
In fact, considerable efforts have been devoted to the researches concerning Rastall grav-
ity. The theory has been widely used in cosmology and black holes [3–7]. As it provides a new
perspective for the study of gravitational systems, theoretical analyses have been carried out
in the applications to galaxies regarding constraint in the observations [8]. Besides, there are
a variety of metric solutions about neutron stars [9], wormholes [10], and black holes [11–13]
inclusively in comparison with the corresponding solutions in Einstein’s gravity. In partic-
ular, the high-dimensional charged black hole metric surrounded by quintessence fluid has
also been generalized to Rastall gravity recently [14]. The black hole solutions with the
presence of both linear and nonlinear electromagnetic fields are obtained analytically, where
the free parameters of the solution are further constrained by black hole thermodynamics.
As discussed above, Rastall’s theory is potentially engaging in applications concerning
gravitational collapse. Therefore, in the present study, we focus on a specific problem con-
cerning black hole quasinormal modes. The latter is physically significant, mainly because
they are closely related to the ringdown phase of the observed coalescence of binary systems.
Moreover, the topic is closely related to the no-hair theorem of black holes. As an explicit
test of the black hole perturbation theory, it might even be employed to analyze the stability
of naked singularities [15]. Last but not least, the study of perturbations in the black hole
background is essential for the AdS/CFT correspondence [16]. By definition, the quasi-
normal mode oscillations essentially give an account of the temporal evolution triggered by
initial perturbations in the black hole metric. The resulting frequencies, known as quasinor-
mal frequencies, are closely associated with intrinsic properties of the related non-perturbed
spherical black holes. The evolution of the black hole quasinormal modes can usually be
divided into the following three stages [17, 18]. The irregular initial burst of oscillations
4characterizes the first stage. Here, the frequency is mostly determined by the specific form
of the initial disturbance. The second stage is dominated by the quasinormal ringing, during
which the oscillations become stabilized and do not depend on the initial conditions. This
stage is of particular physical interest since it only depends on the “hairs” of the black hole,
such as mass, angular momentum, and electric charge. Once experimentally observed, the
extracted information can be utilized to provide strong evidence for the direct detection
of the black hole. As it is well-known, the distinctive exponential decay of quasinormal
oscillation implies that the corresponding frequency is complex. Its real part represents the
magnitude of the oscillation, while the imaginary part indicates the decay rate. The third
and last stage is the late-time tail, which depends largely on the asymptotical form of the
effective potential at spatial infinity. For asymptotically flat spacetimes, it is due to the
backscattering of perturbed wave packets by spacetime far away from the black hole [19–
25]. In this case, the disturbance is transformed from exponential decay to power-law decay,
usually referred to as the power-law tail. On the other hand, in asymptotically de Sitter
spacetimes, the power-law behavior gives way to a more rapid, exponential decay [26, 27].
Moreover, for the case of massive fields, the form of the late-time tail is found to be more
complicated as it decays as well as oscillates [20, 28–30].
The study of quasinormal modes [17, 18, 31–34] was pioneered by the calculation of the
gravitational perturbations in the Schwarzschild black hole [35]. Subsequently, it has been
extended to various types of perturbations such as scalar fields [36, 37], electromagnetic
fields [38, 39], Dirac spinor [40, 41] besides the gravitational ones [42]. In addition to a
few analytical solutions, the most important approaches for the calculation of quasinor-
mal frequencies are semi-analytical or numerical schemes. Among others, notable methods
include the WKB approximation [43–49], Posh-Teller potential approximation [50, 51], con-
tinuous fraction method [52], finite difference method [53, 54], and Horowitz and Hubeny
method [55]. In particular, the WKB method was generalized to the third order by Kono-
plya [46]. Recently, it was further extended to the thirteenth order by Matyjasek et al.
[47, 49], and its numerical implementation was subsequently developed and released pub-
lically by Konoplya et al. [48]. The matrix method was also proposed recently [56, 57]
which has been shown to be competent approach for various different scenarios [58, 59]. It
can be straightforwardly applied to various asymptotical spacetimes, and its accuracy can
be improved as the number of interpolation points increases.
In the context of Rastall gravity, the quasinormal modes have been investigated by many
authors [60–63]. To be specific, the effects of the Rastall parameter on the gravitational,
electromagnetic, and massless scalar perturbations were explored in Ref. [60]. The impacts
of the spatial dimensions, equation of state of the surrounded quintessence field have been
investigated in Ref. [61]. Moreover, the string and Rastall parameters were also found
to affect the quasinormal frequencies in Ref. [62]. The present study, on the other hand,
is devoted to investigating the quasinormal frequencies of the Dirac perturbations in the
four-dimensional Rastall gravity. The black hole metric in question is surrounded by the
quintessence field, with the presence of the linear and nonlinear electromagnetic field. We
employed both the WKB method up to the thirteenth order as well as the matrix method to
evaluate the quasinormal frequencies. Also, the temporal evolution of smaller perturbations
of the Dirac field is studied by using the finite difference method. Besides, the present work is
also focused on a distinctive feature regarding the late-time tails of the quasinormal modes.
As discussed in Refs. [13, 64], the black hole solutions for Rastall gravity in asymptotically
flat spacetimes might be equivalent to those in the de Sitter spacetimes. Moreover, regarding
5the distinct characteristics for late-time decay in asymptotically flat and de Sitter spacetimes,
it is interesting to explore the properties of the late-time tails in Rastall theory where the
original spacetime is asymptotically flat. Therefore, the present study is mostly concentrated
on the second and third stages of quasinormal modes.
The paper is organized as follows. In the next section, we briefly review the black hole
solution obtained in Ref. [14]. In Section III, the master equation for the massless Dirac field
is derived for spherically symmetric perturbations. Section IV is devoted to discussing the
scenario of the extremal black hole corresponding to the Nariai solution, where the Universe
horizon and the event horizon coincides. In Section V, the quasinormal frequencies are
evaluated by employing both the WKB approximation and the matrix method. The effects
of various parameters, such as the equation of state, spin-orbit quantum number, and electric
charge on the resultant quasinormal modes, are investigated numerically. In particular, the
quasinormal frequencies are analyzed for the case of a second type of extremal black hole
associated with the Nariai solution. The temporal evolution for small initial disturbance
is also calculated by the finite difference method. In particular, we explore the late-time
tails of quasinormal modes by choosing specific metrics reflecting different asymptotically
spacetime properties. In the last section, concluding remarks are presented in addition to
further discussions.
II. SPHERICALLY SYMMETRIC POWER-MAXWELL CHARGED BLACK
HOLES IN RASTALL GRAVITY
According to Rastall gravity, Eq. (1) inspires the following gravitational field equation
Rµν +
(
κ0λ− 1
2
)
gµνR = κ0Tµν . (2)
where κ0 is a constant which, by taking contraction of the field equation, gives rise to an
additional relation between the spacetime curvature and the trace anomaly of the energy-
momentum tensor [1]. It can be readily verified that the theory falls back to Einstein’s
gravity by taking κ0 = 1 and λ = 0. In this paper, we employ the spherically symmetric black
hole metric recently proposed in Rastall theory [14]. The obtained metric is a generalization
of various previous studies, of which we give a brief account as follows. The static black hole
solution in question is surrounded by quintessence fluid in the presence of a power-Maxwell
field. The present study will focus on the solution in four-dimensional spacetime, which
reads
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dθ2 + r2sin2θdφ2. (3)
By assuming that the electromagnetic field is spherically symmetric and static, its action
can be written as [65]
LF = −(−ξF)s, (4)
where F = FµνF µv, and Fµν is antisymmetric Faraday tensor. Here, ξ and the exponent s are
constants. To proceed, one evaluates the energy-momentum tensor of the electromagnetic
field and the quintessence fluid
T µv = E
µ
v + T
∗µ
v , (5)
where, the Maxwell’s stress tensor Eµv is found to be
Evµ = −(−ξ)s(F)s−1
(
2sFσµF
σv − 1
2
δvµF
)
. (6)
6T ∗µv represents the energy-momentum tensor of the quintessence fluid. By assuming the
barotropic equation of state, namely, p = wρ, one obtains [61]
T ∗tt = T
∗r
r = −ρ(r), T ∗θθ = T ∗ϕϕ =
1
n− 1ρ(r)(3w + 1). (7)
By substituting the specific forms of the energy-momentum tensors, Eqs. (6-7) into the
Rastall gravitational field equation Eq. (2). The resultant black hole solution reads [14]
f(r) = 1− 8Γ(
3
2)M
2pi
3
2
−1rn−2
+
4Q2Γ( 32)(2s−1)
3−2s
1−2s r
2
1−2s
pi
n
2
−1(n−1)s(n−2s)
−2κ0Ca(3(2κ0λ(w+1)−1)+1)2
2n(8κ0λ−2)
× r−rB
2w−2κ0λ(w+1)
+ 2Λr
2
3(8κ0λ−2)
.
(8)
where rB =
2(n(w+1)(2κ0λ−1)+2)
3(2κ0λ(w+1)−1)+1
, Ca is a constant of integration. M is related to the mass of the
black hole and Λ is the cosmological constant. Among them, the value of ω, associated with
the properties of the equation of state of the quintessence field, is constrained by cosmological
observations and is found to ∼ −1 [66]. Also, n is the number of spatial dimensions of the
spacetime in question, and we will only consider the case n = 3 in our present study.
As mentioned above, even for asymptotically flat spacetimes, the black hole metrics in
Rastall gravity might behave asymptotically as those of de Sitter spacetimes. Thus the
motivation of the present study, in part, is to investigate whether the late-time tail in such
a metric still bears the same features established in Einstein gravity. For this purpose, the
following choices of parameters are mostly adopted for the remainder of the work. First,
one sets Λ = 0 so that the original spacetimes are indeed asymptotically flat. Moreover, we
assume κ0 = 1 and Ca = −1 in order to establish a black hole metric solution that meets
the above requirement. To be more specific, this choice is simple enough; meanwhile, it still
guarantees a nonvanishing contribution from the fourth term on the r.h.s. of Eq. (8). As
discussed below, it eventually leads to the metrics whose spacetimes are asymptotically de
Sitter and thus suffices for our purpose. Besides, we choose λ = 1 in order to simplify the
forms of resultant metrics further. Lastly, in particular cases, the above parameter can be
varied to investigate the properties of the resultant quasinormal frequencies as the theory
further deviates from the corresponding Einstein gravity by taking λ = 0.
For linear Maxwell field electromagnetic field, s = 1. The metric is simplified to read
f1∗(r) = 1 +
Q2
r2
− 2M
r
− r− 3w+53w+2 (3w + 2)
2
9
. (9)
In the case of the nonlinear electromagnetic field, we will explicitly consider the cases s = 2
and s = 3. Accordingly, the metric takes the forms
f2∗(r) = 1− 2M
r
− 3
1/3Q2
2r2/3
− r− 3w+53w+2 (3w + 2)
2
9
, (10)
and
f3∗(r) = 1− 2M
r
− 5
3/5Q2
9r2/5
− r− 3w+53w+2 (3w + 2)
2
9
. (11)
7III. THE MASTER EQUATION FOR MASSLESS DIRAC SPINOR
The Dirac equation for a massless spinor in curved spacetime can be written as [67]
[γaeµa (∂µ + Γµ)]Ψ = 0, (12)
where γa are the gamma matrices.
γ0 =
( −i 0
0 i
)
, γi =
(
0 −iσi
iσi 0
)
, i = 1, 2, 3. (13)
where σi are the Pauli matrices. Γµ is spin connection coefficient which is defined as
Γµ =
1
8
[
γa, γb
]
evaebv;µ. (14)
eaµ is known as tetrad, a set of orthogonal space time vector fields that satisfies
gµv = ηabe
a
µe
b
v, (15)
where ηab = diag(−1, 1, 1, 1) is the Minkowski metric. Now, the static spherically symmetric
black hole metric, Eq. (3), implies
eaµ = diag
(
f(r)1/2, f(r)−1/2, r, r sin θ
)
. (16)
By rescaling the wave function
Ψ = f(r)−
1
4Φ. (17)
The Dirac equation can be rewritten in terms of Φ, which reads[
γ0f(r)−1/2 ∂
∂t
+ γ1f(r)1/2
(
∂
∂r
+ 1
r
)
+γ2 1
r
(
∂
∂θ
+ 1
2
cot θ
)
+ γ3 1
r sin θ
∂
∂φ
]
Φ = 0. (18)
The above equation can be solved by using the method of separation of variables. By
factoring out the angular part of the wave function according to standard procedure [67–
71], one obtains the resultant master equations regarding the radial part.
Furthermore, the upper and lower components of the spinnor, F (±) and G(±), can be
decoupled and rewritten as (
− d2
dr2∗
+ V(±)1
)
F (±) = ω2F (±),(
− d2
dr2∗
+ V(±)2
)
G(±) = ω2G(±),
(19)
where
V(±)1 =
dW(±)
dr∗
+W 2(±), V(±)2 = −
dW(±)
dr∗
+W 2(±), (20)
and
W± =
√
f(r)
|κ±|
r
, (21)
where
κ± =
{ −(j + 1/2), j = l + 1/2
(j + 1/2), j = l − 1/2. (22)
8It can be inferred from Eq. (20) that the effective potential V(±)1,2 is related to the
equation of state via w and the charge Q of the background metric, as well as to the spin-
orbit quantum number κ± of the wave function. As discussed in Refs. [72, 73], the master
equations for the upper and lower components lead to the identical spectra of quasinormal
frequencies, since the potentials V(±)1,2 are supersymmetric partners. In particular, the two
forms of the potentials defined in Eq. (20) are related to each other through the Darboux
transformation. As pointed out in Ref. [74, 75], by the WKBmethod, the master equation for
the lower component leads to better accuracy. Therefore, in what follows, we will concentrate
on the master equation for G and investigate the associated quasinormal frequencies, as well
as their dependence on various physical parameters.
IV. TWO TYPES OF EXTREMAL BLACK HOLE SOLUTIONS AND THE
ASSOCIATED CHARGES
In this section, we demonstrate that for specific scenarios, the metric possesses two types
of extremal black hole solutions. Besides conventional one found in the Reissner-Nordstro¨m
metric, the second type of extremal black hole solution is associated with the Nariai solu-
tion [76–78]. The related quasinormal frequencies will be studied in the next Section.
We first study the case of linear electromagnetic field with s = 1 and quintessence fluid
with w = −1. The resulting metric can be readily obtained by Eq. (9), which reads
f1(r) = 1 +
Q2
r2
− 2M
r
− r
2
9
. (23)
By excluding one negative root of Eq. (23) and enumerating the rest, one finds that the metric
implies three horizons. They are the inner horizon ri, event horizon rh, and cosmological
horizon rc, which satisfy ri ≤ rh ≤ rc as shown in Fig. 1. In this case, one observes the
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Figure 1. (Color Online) The functions f1(r) (left), f2(r) (middle), and f3(r) (right) vs. r evaluated
for given w = −1
extremal solution in the same context of the Reissner-Nordstro¨m black hole. Here, one
9may consider an imaginary process as the charge of the black hole increases while the mass
remains unchanged, the extremal black hole takes place when the inner horizon coincides
with the event horizon. If one further adds more charge to the black hole, the horizon in
question disappears and, therefore, as a physical process, prohibited by the cosmic censorship
hypothesis. An explicit example is given in Fig. 1. There, one finds the resultant extremal
value Q0 = 0.4038212447185102 and ri = rh = 0.41599780536901554 for an arbitrarily
chosen mass M = 0.4. In particular, it is convenient to rewrite the charge and mass Q and
M in terms of ri and rh. It is not difficult to find that the resultant relations are
M = 1
18
(9rh − rh3 + 9ri − rh2ri − rhri2 − ri3) (24)
and
Q = 1
3
√
rh
√
ri
√
9− rh2 − rhri − ri2. (25)
One can evaluate the condition for extremal black hole by substituting ri = rh into Eqs. (24-
25) and solves for Q = Q0 and ri with givenM . This result is presented by the solid magenta
curve in the left plot of Fig. 1.
Next, let us consider the cases for the nonlinear electromagnetic field with s = 2 and
s = 3. Similarly, the resultant metrics are found to be
f2(r) = 1− 2M
r
− 3
1/3Q2
2r2/3
− r
2
9
(26)
and
f3(r) = 1− 2M
r
− 5
3/5Q2
9r2/5
− r
2
9
. (27)
As shown in middle and right plot of Fig. 1, when the charge Q increases, a different behavior
is observed. Now the event horizon rh and cosmological horizon rc approach each other and
eventually collide. Again, we use Q0 to denote the charge when the two horizons coincide.
One may imagine an observer who sits between the event and the cosmological horizon.
For the present case, his presence seems to be apparently rendered unattainable as the
black hole solution becomes an extremal one. In fact, a closer look reveals that the proper
distance between the two horizons still remains finite during the process [79]. In this case,
the spacetime on the causal patch between the horizons is approximately that of the Nariai
solution. Obviously, this extremal solution is intrinsically different from the one discussed
before, which is related to the so-called Nariai solution. To proceed with the numerical study,
again, we choose M = 0.4. For the metric f = f2, one finds Q0 = 0.6418853593399654,
rc = rh = 1.6700060557527228. For the metric f = f3, Q0 = 0.944331289742155, rc = rh =
1.6166133524816748 is obtained. If one continues to increase the charge until it exceeds Q0,
both horizons will disappear.
It is readily to verify that metrics given in Eqs. (23), (26), and (27) are asymptotically de
Sitter. They will subsequently be employed in the numerical studies of quasinormal modes
in the following section.
V. QUASINORMAL FREQUENCIES FOR MASSLESS DIRAC FIELD
In this section, we numerically study the quasinormal frequencies of the massless Dirac
field by employing the WKB approximation, matrix method, and finite difference method.
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Based on Eq.(19), the relevant master equation reads(
− d
2
dr2∗
+ V (r, κ)
)
G(±) = ω2G(±), (28)
where
V (r, κ) = −dW±
dr∗
+W 2±
W± =
√
f(r) |κ±|
r
.
(29)
First of all, by examing Eq. (3) and (23), it is straightforward to see that, for this
particular form of the black hole solution is indeed equivalent to that in Reissner-Nordstrom-
de Sitter spacetime for Einstein gravity. To validate our numerical approach, we particularly
adjust the metric parameters to match those discussed in Ref. [80]. Subsequently, numerical
calculations are carried out and compared against the ones [80] obtained by the Posh-Teller
potential approximation. The comparison indicates a reasonable agreement between the
existing results and those by the WKB approximation and the matrix method, employed in
the present study.
Now, we proceed to present the resulting quasinormal frequencies obtained by using
the third as well as sixth order WKB approximations in comparison to those evaluated by
utilizing the matrix method. The calculations are carried out by taking different values of s
andQ and with given w = −49/50 and |κ| = 2. The numerical results are presented in Tab. I.
It is found that the matrix method yields results consistent with those obtained by the WKB
approximation. The differences start to appear on the third significant figure, namely, less
than one percent. Moreover, a further study on the convergence of the methods employed in
the present work is shown in Fig. 2. There, the resultant quasinormal frequencies from the
higher-order WKB method are based on original WKB formulae [47–49]. It is demonstrated
that both methods are convergent as the calculated value gradually approaches a limit when
the order or grid number increases. For both cases, as a specific value is reached, the results
can be considered as reliable. In particular, for the WKB method, the obtained results are
mostly stable for n ≥ 4. In the case of the matrix method, one should take a grid number
more significant than 25 for convergent results.
As discussed above, the parameter λ measures the deviation of the theory from the Ein-
stein gravity. One may gradually vary this parameter in order to investigate the properties
of the resultant quasinormal frequencies. The results are shown in the first block of Tab. I
where s = 1. In particular, from top to bottom, we take λ = 1, 2, and = 3 respectively
while remaining other metric parameters unchanged. The numerical results show that as
the theory further deviates from the Einstein gravity, the real and the imaginary parts of the
quasinormal modes both increase. In other words, the damping for the Dirac field becomes
faster as the Rastall parameter increases. This result is different from the effect observed
previously for massless scalar, electromagnetic, as well as gravitational fields [60].
Next, we proceed to the study of the dependence of the evaluated quasinormal frequencies
on the model parameters. In Fig. 3, one depicts the quasinormal frequency of the Dirac field
perturbation for different metrics parameters, s and Q as functions of w. In all cases with
given s and Q, the real part of the quasinormal frequencies is found to monotonically increase
with increasing w, while the imaginary part decreases with increasing w. Moreover, the slope
of the above curves is found to be mainly linear, independent of the value of the chargeQ. For
s = 1 and given w, the real part of calculated frequency increases as the charge Q increases.
The imaginary part shows the opposite characteristic. It decreases with increasing charge.
For s = 2 and 3, on the other hand, the real part of calculated frequency decreases with
11
Table I. The calculated quasinormal frequencies ω for different metrics by using the third as well
as sixth order WKB approximations and the matrix method. The calculations are carried out with
w = −49/50 and |κ| = 2. In the first block, from top to bottom, the results are obtained by taking
λ = 1, 2, and 3.
s Q ω(sixth order WKB) ω(third order WKB) ω(matrix method)
Q0/4 0.731106-0.186040i 0.730649-0.186079i 0.733829-0.186571i
0.880836-0.224981i 0.880098-0.225072i 0.88550-0.229713i
0.916782-0.234420i 0.915966-0.234535i 0.921247-0.240282i
1 Q0/2 0.778436-0.192725i 0.777910-0.192765i 0.781392-0.194168i
0.919184-0.228683i 0.919973-0.228601i 0.923705-0.232527i
0.942553-0.240110i 0.952826-0.237409i 0.957167-0.241954i
3Q0/4 0.874742-0.202474i 0.874041-0.202505i 0.878432-0.204115i
1.000408-0.232796i 1.001374-0.232739i 1.002931-0.236045i
0.931635-0.265624i 1.029349 -0.240239i 1.031297-0.243677i
Q0/4 0.684335-0.175005i 0.683936-0.175037i 0.686996-0.174411i
2 Q0/2 0.588898-0.149430i 0.588623-0.149447i 0.591668-0.147334i
3Q0/4 0.427371-0.107361i 0.427340-0.107353i 0.429782-0.105460i
Q0/4 0.686898-0.186040i 0.686494-0.186079i 0.689531-0.174807i
3 Q0/2 0.597226-0.150357i 0.596964-0.150371i 0.599823-0.148382i
3Q0/4 0.441336-0.108200i 0.440039-0.108489i 0.442261-0.106449i
increasing Q for given w. The imaginary part again shows the opposite characteristic, as
it increases with increasing charge. This indicates that the magnitudes of the quasinormal
modes sensitively dependent on the equation of state of the surrounding matter, which is
the quintessence fluid for the present case. When the surrounding matter possesses a stiffer
equation of state, the period of oscillations becomes more prolonged, while it decays faster.
This is somewhat intuitive as one might imagine the small initial perturbations have to push
through more rigid matter while the oscillations lose the energy more rapidly. The effect
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Figure 2. (Color Online) The quasinormal frequencies of massless Dirac field obtained by the WKB
method of different orders (top row) and those calculated by the matrix method with different
numbers of grids (bottom row). The calculations are carried out for the specific case with w =
−49/50, s = 1, Q=Q0/4, and |κ| = 2.
of charge on quasinormal modes is found to be opposite for black holes with linear and
non-linear electromagnetic fields.
In Tab. II, we study the dependence of the quasinormal frequencies on the spin-orbit
quantum number κ. For the matrix method, we make use of 35 grid points. It is understood
that the accuracy will be improved further as the grid points increase. From Tab. II, the
real part of the quasinormal frequency increases as |κ| increases. While the imaginary part
decreases with increasing |κ|. This indicates that as |κ| increases, the perturbation oscillates
faster while it decays more slowly.
Next, we analyze the quasinormal frequencies of the second type of extremal black hole
metric, discussed in the previous section regarding Eqs. (26) and (27). As shown in Fig. 4,
as the charge of black hole approaches the corresponding extremal value Q0, both the real
and imaginary parts of the quasinormal frequency go to zero. The asymptotical behavior
can be understood as follows. Due to physical constraints, the wave function must satisfy
the following boundary conditions, namely, it is asymptotically an outgoing wave at the
cosmological horizon and an ingoing wave at the event horizon. As rh approaches rc, the
waveform of the outgoing wave shall coincide with that of the ingoing wave. Subsequently,
it implies ω = 0. In other words, the quasinormal frequency should be vanishing in the case
of the extremal black hole, as observed in numerical calculations.
In what follows, we present the temporal evolution of the initial perturbations of a mass-
less Dirac field by using the finite difference method. It can be seen from Fig. 5 initial
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Figure 3. (Color Online) The calculated quasinormal frequencies of massless Dirac field as functions
of w.
outburst of the waves stabilizes in time and subsequently turns into quasinormal oscilla-
tions. The time scale for the system to reach quasinormal oscillations depend on the charge
of the black hole. For the metrics with s = 1, the quasinormal oscillations tend to stabilize
faster as the charge increases. On the contrary, for the metrics with s = 2 and 3, the first
stage of initial outburst persist longer as the charge becomes larger.
Moreover, it might be interesting to compare the above results against other forms of
perturbations. It is observed that the magnitudes of the real parts of the quasinormal
frequencies are the largest for the Dirac perturbations, while those of the imaginary parts are
most significant for the scalar perturbations. Besides, the magnitudes for the electromagnetic
perturbations are found to be less significant, and furthermore, those for the gravitational
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Table II. The calculated quasinormal frequencies for different values of |κ| obtained by the WKB
approximation and the matrix method. For the matrix method, 35 grid points are used. Both
calculations are carried out for the case of n = 0, m = 0, w = −45/50, and Q = Q0/2)
s |κ| third order WKB matrix method
1 0.433840915616-0.224966217228i 0.432732727367-0.224998282790i
1 2 0.874530252970-0.230444389292i 0.881776480990-0.225180338146i
3 1.313643857600-0.231380833879i 1.313196426297-0.230823673239i
1 0.345971291927-0.190840612924i 0.352945552742-0.180621157207i
2 2 0.685255530112-0.191694452485i 0.691175573306-0.190377632748i
3 1.027427734248-0.192066710332i 1.025420172252-0.190926933212i
1 0.350517288285-0.191322384727i 0.351864569672-0.185715238599i
3 2 0.695018474234-0.192434284744i 0.700624031577-0.190102313781i
3 1.042181868101-0.192834699755i 1.040130252800-0.191881255405i
s=2
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Figure 4. (Color Online) The calculated quasinormal frequencies for massless Dirac field as func-
tions of the charge for the extremal black holes regarding the Nariai solution. The calculations are
carried out for s = 2 and 3 with w = −1.
perturbations are often the least. These results are not shown explicitly here due to the
scope of the present study. Nonetheless, we note that they are largely consistent with the
existing findings in the literature [60].
Last but not least, we investigate the asymptotic properties of the late-time tails of
quasinormal modes in the present model. As discussed above, by appropriate choice of
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Figure 5. (Color Online) The temporal evolution of the massless Dirac perturbations for different
black hole spacetimes. The calculations are carried out for different s and Q with given |κ| = 2.
parameters, the black hole metric in Rastall theory for asymptotically flat spacetimes are
equivalent to those in Einstein gravity for asymptotically de Sitter spacetimes. However,
for Einstein’s gravity, it is known that the late-time tails in asymptotical spacetime follow
a power-law form while those for asymptotically de Sitter spacetimes decay exponentially.
Therefore, in what follows, we carry out explicitly calculations by focusing on the features of
the last stage of quasinormal modes. In particular, we also study a specific scenario where
the asymptotical behavior of the spacetimes again falls back to that of flat spacetimes. The
latter is achieved by choosing the parameters so that the last term on the r.h.s. of Eq. (8)
becomes irrelevant.
We first consider the case Q = 0 and ω = −1 in Eq. (9), which implies
f(r) = 1− 2M
r
− r
2
9
. (30)
This corresponds a black hole metric in an asymptotically flat spacetime for Rastall gravity,
which is equivalent to that in an asymptotically de Sitter spacetime. By solving the master
equation Eq. (28), the temporal evolution is evaluated and shown in Fig. 6. It is observed
that the late-time tail decays exponentially at late times. By carrying out a χ2 fitting, it is
found that its function form satisfies e−αt with α = 0.02503± 0.00019. In other words, the
late-time tail is indeed similar to the asymptotical behavior of a massless Dirac perturbation
in a Schwarzschild-de Sitter black hole metric for Einstein gravity.
On the other hand, one assumes Q = 0 and ω = −1
3
in Eq. (9), which implies
f(r) = 1− 2M
r
− 1
9r4
. (31)
It is not difficult to show that the related metric is asymptotically flat. By performing similar
numerical calculations, one finds that the perturbations decay according to the power-law
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at the late-time, as shown in Fig. 6. The decay rate of the tail is found to be t−β with
β = 1.76676± 0.00031. Again, this is in agreement with the case of a Schwarzschild black
hole metric in asymptotically flat spacetime for Einstein gravity.
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Figure 6. (Color Online) The temporal evolution of the massless Dirac perturbations for different
black hole spacetimes by using the specific metrics discussed in the text. The calculations are
carried out to demonstrate the specific features of the late-time tail of the quasinormal modes.
Therefore, one concludes that the asymptotical behavior of the late-time tail of quasi-
normal modes in Rastall theory follows their counterpart in Einstein gravity, in accordance
with the asymptotical properties of the spacetimes [19, 27].
VI. CONCLUDING REMARKS
To summarize, in this work, the quasinormal modes of the massless Dirac field is in-
vestigated for charged black holes in Rastall gravity. We explored the recently established
spherically, symmetric black hole solutions. The latter is characterized by the linear or
nonlinear power-Maxwell field, surrounded by the quintessence fluid. We have carried out
numerical calculations by employing the WKB approximations up to the thirteenth order,
as well as the matrix method. The results obtained by the WKB approximations and ma-
trix method are found to be consistent. Also, the dependence on the model parameters is
investigated regarding their effects on the quasinormal frequencies. Besides, we explore the
properties of a second type of extremal black holes regarding the Nariai solution, as well
as the related quasinormal modes. Moreover, the finite difference method is also utilized to
study the temporal evolution of the small initial perturbations. In particular, one finds that
the asymptotical behavior of the late-time tails of quasinormal modes in Rastall theory is
dictated by their counterparts in Einstein gravity, reflecting the asymptotical properties of
the spacetimes. We plan to further generalize the present study to the case of rotating black
holes in high-dimensional Rastall spacetimes.
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